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A Steiner triple system S(v) of order v is said to be k-rotational if it admits an automorphism 
consisti~lg of a single fixed element and exactly k (v- l)/k-cycles. 
In ti:is paper we obtain the necessary aad sufficient condition for the existence of 3- and 
4-rot~'ic, nal Steiner triple systems. 
L Intredne~ion 
A S~eine~' :iple system S(v) of order v is a pair (1,, B) where re is a v-set and 13 
is a eol[,~:~.tfc~n of 3-subsets of V (called triples) such that every 2-subset of V is 
containe<, in exactly one triple of B. It is well-known that an S(v) exists if and 
only if v ~ ;t or 3 (rood 6). An automorphism of an S(v) (V, B) is a mapping of V 
onto itse~.f vhich preserves B. A system S(v) is said to bc k-rotational (k positive 
integer) ,~f i~ admits an automorphism consisting of a single fixed point and 
precisely I~ kv-1)/k-cycles. Phelps and Rosa [4] obtained that: a 1-rotational 
S(t~) exists if and only if v ~3 or 9 (mod 24), and a 2-rotational S(v) exists if and 
only if v ~ 1,3.7, 9, 15 or 19 (mod 24). 
in th~s l~.~!~er we obtain the necessary and sufficient condition for the existence 
o~ 3- a~ad ~--rotational S(v)',~. 
A St~.~i~er triple systera S(v) is said to be cyclic if it admits an automorphism 
consistJng of a single cycle of length v. It was shown first by Peltesohn [3] tlhat a 
cyclic S(v) exists if and only if v -=- 1 o:r 3 (mod 6) and v~ 9 (see also [1, 2, 5, 7]). 
An (A, K)-system (a (B, k)-, a (C, k)-, and a (D, k)-system, respectively) [5] is a 
set of o~'dered pairs {(a, b,) [ r = 1, 2 . . . . .  k} such that b , -  a, = r fol r =~ 
1,2 . . . . .  k, and U,k=~ {a, b,} = {1, 2 . . . . .  2k} (={1,2 . . . . .  2k - l ,  2k+ 1}, 
={1, 2 . . . . .  k, k+2,  k+3 . . . . .  2k+1}, ={1, 2 . . . . .  k, k+2 . . . . .  2k, 2k+2}, 
respectively). An (A, k)-system and a (B, k)-system are essentially the same as a 
Skolem k-sequence and a hooked Sko!em k-sequence, respectively [2, 7]. It is well 
known that an (A, k)-system (a (B, k)-, a (C, k)-, and a (D, Ic)-system, respec- 
tively) exists if and only if k---0 or 1 (mod4) (/<-=2 or 3 (mod4), k=-0 or 
3 (rood 4), an6 k ~ 1 or 2 (mod 4), respectively) (see [2, 5, 7]). Define a ( -B,  k)- 
system to be a ~,et of ordered pairs {(a, b,) [ r = 1, 2 . . . . .  k} such that b , -  a, = • for 
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r = 1, 2 . . . . .  k, and U,k= ~ {a,, b,} = {1, 3, ,~ . . . . .  2k + 1}. If we replace each i = 
1,2 . . . .  ,2k - l ,  2k+l  in a (B,k)-system by 2k+2- i ,  then we will get a 
(-B, k)-system. So a (-.B, k)-system exists if and only if k-=2 or 3 (rood4). 
Explicitly, for k =4t+2,  we have a system of the pairs 
A: (t+2, t+3),  
B: ( t+3+r ,  3 t+4- r ) ,  r= l ,2 , . . . , t -1 ,  
C: (2+r, 4 t+3- r ) ,  r= l ,2  . . . . .  t~ l ,  
D: (1, 4t+3),  
E: (2t +3,4t+4) ,  
F: (2 t+4,6t+5) ,  
G: (4t+4+r, S t+6- r ) ,  r=1,2  . . . .  ,2t. 
Then A U B U C U D U E U F U G is a ( -B, 4t + 2)..system. 
For k=4t - l  we have 
A: (7 t -  l, 7t), 
B: (St+z, 7 t - l - r ) ,  r=1,2  . . . . .  t -2 ,  
C: (2+r, 4 t - r ) ,  r=1,2  . . . . .  2 t -2 ,  
D: (1, 4t), 
E: (2t+ 1 ,6 t -  1), 
F: (4t+ 1, 6t), 
G: (4t+l+r,  8t - r ) ,  r=1,2  . . . . .  t -1 .  
Then A U B U C U D U E U FU G is a (-B, 4 t -  1)-system. 
Throughout his paper .Z~ denotes the additive group of residue classes of Z 
(set of al! integers) modulo v; an element (~4) of V = Zo × {i} will be written for 
brevity as x, (for background on rotational Steiner triple systems, the reader is 
referred to [4]). 
2. The  ex is tence  o f  3 . ro ta t iona l  S te iner  trip~,e sys tems 
Lemma 2.1. If a 3-rotational ~;(v) exists, then v =- 1 or 19 (mod 24). 
Piool. Let V = Z¢o_ 1~/:~ x {1,2, 3} U {oc} and let 
a = (o~)(01 7 • • (½(v- 1) -  1)a)(02 12 • '~' • " • ~,v  - 1 ) -  !)2 ) 
(03 13-.. (sqv- 1)- 1)3) 
be an automorphism of a 3-rotational S(v). If ½(v- 1)toO (mod 2), then a ~-1)z6 is 
a permutation of type [1,½(v- 1), 0 . . . . .  O] (i.e. it is an involtLtion fixing exaetly 
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one elemen0 so that $(v) is • reverse S(v). But a reverse $(v) cannot exist for 
v-=7 or 13 (rood24) [6] thus we have v---= 1 or 19 (rood 24) because v~=l or 3 
(mod 6) and v ~- 1 (rood 3). 
Delinition 2.2. An (~L k)-system is a set of ordered pairs {(a,, b,) I r = 1, 2 . . . . .  k} 
such that b,- a, = r for r = 1, 2 , . . . ,  k, and 
U {a , ,b ,}={l ,2 , . - ' ,X (k+l ) - l ,~k+1)+1 . . . . .  2k+l} .  
Lemms 2.3+ An (E, k)-system exists if and only if k ~ 1 or 3 (rood 4). 
Proof. $,int. ~ ½(k + 1) must be an integer, it follows that k must be odd. Con- 
versely, le~, k be odd. 
Case 1: k---1 (rood4). It is sufficient to describe a syst,em of pairs for 
k = 4t+ i, %ch a system consists of the pairs 
A: (4t+l+r, 8t+4-r) ,  r= l ,2  . . . . .  21+1, 
B: (r, 4 t+2- r ) ,  r= l ,2  . . . . .  2t. 
It is routir:e to see that A U B is an (E. 4t+ 1)-system. 
Case 2: k :.---3 (mod 4). For k = 4t -1  we have a system of the pairs 
A: (4t - l+r ,  8t-r) ,  r - l ,2 , . . . ,2 t ,  
t3: (r, 4t--r), r= l ,2  . . . . .  2t -1 .  
It is straig~,xtforward te see that A O B is an (E, 4t-1)-system. 
• Lemma 2+4. If v ---- 1 (rood 24), then there exists a 3-rotational ~9(v). 
Proof. Let v=24t+l ,  t>~l. 
Elemems: V = (Zs, x {1, 2, 3}) O {oo}, 
Automorphism: ot = (oo)(0t 11"'" (8 t -1 )1) " "  (03 13"'" (8t-1)3), 
Base triples: B = B1 O B2 O B3 U B4 where 
BI: {{=, 0,, (40,}1 i = 1, 2, 3}, 
B2: {{0,, 02, 03}, {01, (2t)2, (6t)3}}, 
~3: {{01, rl' (br)2}, {03, r3, (b,)l} [ r = 1, 2 . . . . .  4t-- i} 
where {(a, b,) I r = 1, 2 . . . . .  4t-- 1} is an (E, 4 t -  1)-system, 
B,: {{02, r2, (b,)3} I r = 1,2 . . . . .  4 t -  1} 
where {(a. b,) [ r = 1, 2 . . . . . .  4t--1} is an (C, 4 t -  1)-system. 
Then (V, B) is a 3-rotational S(v). 
156 c .z  Cho 
Lemma 12.5. I f  v ~- 19 (rood 24), then thcrc exists a 3-rotat,ional S(v). 
Prool. Let v "= 24t+ 19, t>~0. 
Elements: V = (Zts,+6~ x {1,2, 3}) t.J {~o}, 
Automorphism: ~u=(oo)(01 .lq . . -  (8t+5)1) " "  (03 13 ' ' "  (8t+5)3), 
Base triples: B = B1 U B2 LJ B 3 i j B4 where 
B~: {{~, 0,, (4t+ 3),} [ i = 1, 2, 3}, 
B2: {{0~, (4t + 3)2, (4t+ 3)3}, {0~, (8t + 5)2, 13}}, 
B3: {{0,, r,, (b,)2}, {03, r3, (b,),} l r = 1, 2 . . . . .  4t+2} 
where {(a,. b,) lr  = 1,2 . . . . .  4t+2} is an (D, 4t +2)-system, 
B4: {{02, r2, (b,.)3} ]r= 1,2 . . . . .  4t+2} 
where {(a,, b,)tr = 1,2 . . . . .  4t+2} is a (-B, 4t+2)-system. 
Then (V, B) is a 3-rotational S(v). 
Theolrem ~.6. A 3-rotational S(v) exists if and only if v =- 1 or 19 (rood 24). 
3. The existence of 4-rotational Steiner triple systems 
Lemma 3.1. If a 4-rotationa! S(v) exists, then v =- 1,9, I3 or 21 (rood 24). 
Proof. We have v =- 1 or 3 (mod 6) and v--- 1 (mod 4). 
Le~t~ma 3.2. If v =- 1 or 9 (rood 24), then there exists a 4-rotational S(v). 
Prao|. If v w. 1 or 9 (rood 2,4), then there exists a 2-rotational S(v) [4]. 
Lemma 3.3. There is a 4-rotational S(37). 
P:ooL Elements: V = (Z9 x {1, 2, 3, 4}) t..J {o~}, 
Automorphism: a=(~)  (0~ 11 " '"  80 " '"  (04 14 " '"  84), 
Base triples: 
{~, 0,, 73}, {~, 02, 04}, 
{01, 3i, 6i}, i= 3,4, 
{03,!3,4,}, {03,23,04}, 
{04, 14, 51}, {04, 24, 72}, 
{0t, 11,22}, {0~,2,,72}, 
{02, 12, 23}, {02, 22, 73}, 
{o1,03, 14}, {o,, 13, 34}, 
{0,, 43, 04}. {0,23,84}. 
{03, 43, 52}, {02, 03, 84}, 
{04,44,8::}, {01 , 02 ,64}, 
{0,, 3,, 62}, {0, 4l, 82}, 
{02, 32,631, {02, 42, 74}, 
{0,, 83, 24}, {0,, 33, 7,}, 
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Then (V, B) 
Lamina 3,5. 
Proo|. Let v 
B2: 
~33: 
{{~, 0,, (2t- 2-  b~,+,h}, {o~, 0~, ( -  b~,+0,}}, 
The collection of all base triples of a cyclic S(6t+ 3) based 
on Z~6,+3~x {3}, 
{{0,, (2t + 1),, (4t + 2)4}} , 
{{04, r4, (b,)z} [ r = 1, 2 . . . . .  2t, 2 t+2 . . . . .  3t+ 1}, 
{{0,, rl, (b,)2}, {02, rz, (b,)3} } r= 1, 2 . . . . .  3t+ 1}, 
{{01, (6 t + 2)2, (2 t -  b2,+ 1)4}, [02, (6 t + 2)3, 1,}}, 
{{(b2,+~-2t+2- 01, 03, (2+ r)4}] r= 1,2 . . . . .  6t + 2}. 
is a 4-rotational S(v). 
If v =--21 (rood 24), then there exists a 4-rotational $(v). 
= 24t+21, t~>0. 
Elements: V= (Z~6,÷5)× {1, 2, 3, 4}) Ll{oo}, 
Automorphism: a=@) (01 11 " '"  (6t+4)0 . - .  (04 14 " "  (6t+4)4), 
Base triples: B = B1D B 2 I_1B 3 I..J B4 U B5 U B 6 where we distinguish three eases. 
Case 1: t =- 0 (rood 4). 
BI: {{~, 0,. (6t + 2)4}, {~o, 02, (6t + 4)3}}, 
Proof. Let v - -24t+13,  t> l .  
Elements: V = (Zt6~+3) x {1, 2, 3, 4}) U {~o}, 
Automorphism: a=(oo) (01 11 " "  (6t+2)0 " "  (04 14 " "  (6t+2)4), 
Base ~ples: B = B~ 12 B2 U B 3 U B4 U B5 U B6 U B7 where we distinguish two 
cases. 
Case 1: t in0  or 1 (rood4)..Let {(a,,b,)[ r= 1,2 . . . . .  3 t+l}  be an (A, 3 t+ l ) -  
system. 
B,: {{% 01, (2t+ 1 - b2,+1)3}, {oo, 0e, (-b2,+l)a}}, 
B2: the collection of all base triples of a cyclic S(6t+ 3) based 
on z,6,+3, × {3}, 
13:~: {{04, (2t+ 1)4, (4t+2)4}}, 
E~4: {{04, r4, (b,)z} [ r= I, 2 . . . . .  2t, 2 t+2 . . . . .  3t+ 1}, 
,3,: {{0~, r,, (b,)z}, {02, r2, (b,)3} I r = 1, 2 . . . . .  3t+ 1}, 
B6: {{0,, 02, (2t+ 1 - b2,+,), }, {02, 03, 0,,}}, 
-~JT: {{(bzt+1-2t- 1 - r) 1, 03, r4}[ r= 1, 2 . . . . .  6t +2}. 
Then (V, E) is a 4-rotational S(v). 
Case 2: t=-2  or 3 (rood 4). Let {(a,,br)[r=l~2 . . . . .  3t+l}  be a (B, 3 t+ l ) -  
system. 
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B2: {{O,, rt, (b,)2}, {O2, r2, (b,)3}, {O4, r4, (b,)2} l r= l '  2 . . . . .  3t+2} 
where {(a, b,) [ r = 1, 2 . . . . .  3t ~o 2} is a (B, 3t+2)-system, 
B3: {{0t, (6t+ 4)2, 04}}, 
B,: {{03, r3, (b, + th} I r = 1, 2 , . . . ,  t} 
where {(a. b,) I r = 1, 2 . . . . .  t} is an (A, t)-system, 
Bs: {{03, (3 t + 1 )3, 0,}, {03, (3 t + 2)3, (6 t + 4)4}}, 
B~,: {{0~, (3t + 2)3, (6t + 3)4}, {01, (6I+4)3, (6t +4)4}, 
{0t, r3, (2r)4} I r= 1,2 . . . . .  3t, 3 t+3 . . . . .  6t+3}. 
Then (V, B) is a 4-rotational S(v). 
Case 2: t~ 1 (rood 4). 
B,: {{ ~o, 0,, (6t + 2)4}, { °°, 02, 03}}, 
B=: {{0,, r,, (b,)2}, {02, r2, (b,)3}, C0,,, r4, (b,)2} [r = 1,2 . . . . .  3t+ 2} 
where {(a,, b,)[ r = 1, 2 . . . . .  3t+2} is an (A, 3t+2)-system, 
B3: {{0,, 02, 0,}}, 
B4, Bs and B6 are the same as those of Case 1. 
Then (V, B) is a 4-rotational S(v). 
Case 3: t m 2 or 3 (rood 4). 
B,: C{ o~, 0,, (6t)4}, {~, 0z, (3t + 3)3}}, 
B:: {{0t, rt, (b,)2}, {02, r2, (b,)3}, C04, r4, (b,)2} [ r = 1, 2 . . . . .  3t+2} 
where {(a,, b,)l r-- i, 2 ... . . .  3t+2} is a (C, 3t + 2)-system, 
B3: {{0t, (3t + 3)2, 04}}, 
B,: {{03, r3, (b, + 03} I r = 1, 2 . . . . .  t} 
w! ' 'e  {(a,, b,) L r = 1, 2 . . . . .  t} is a (B, 0-system, 
Bs: {{03, (3 t)j, (3t + 1)~}, {0~, (3t + 2)z, (6t + 2)4}}, 
B6: {{0,, 03, (6t + 3)4}, {0,, 13, (6t ~' 2h}, {0,, (3t + 3)5, (6t+ 4),,}, 
C01, (r+ 1)3, (2r -  I)4}1 r = 1, 2 . . . . .  3t+ 1, 
3 t+4 . . . . .  6t+2}. 
Then (V, B) is a 4-rotational S(v). 
Theorem 3.6. A 4-rotatio,'al S(v) exists i[and only i fv -= 1, 9, 13 or 21 (rood 24). 
Corollary 3.7. For each (admissible) order v =-1 or 3 (mocl 6), there exists a 
k-rotational S(v) for some k-~ 4. 
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